We define a graph as a set V of objects called vertices together with a set E of objects called edges, the two sets having no common element. With each edge there are associated just two vertices, called its ends. We say that an edge joins its ends. Two vertices may be joined by more than one edge.
(1) Ze(A,a)g(A) = f(a)
A for each a Ç V. If E is null but V is not null, we consider that G is not/-soluble for any /. We ignore the case in which V and E are both null (when G is the null graph). It may be possible to solve (1) so that g (A) = 0 or 1 for each A. Then we call the subgraph of G whose vertices are the vertices of G and whose edges are those edges A of G for which g (A ) = 1 an f-factor of G. Thus an /-factor of G is a subgraph of G such that each a Ç F is a vertex of the subgraph and an end of just/(a) edges of the subgraph.
If n is any positive integer we define an n-factor of G as an/-factor such that f(a) = n for each a.
Necessary and sufficient conditions are known for /-solubility, for the existence of an /-factor and for the existence of a 1-factor. We state these as Theorems A, B, and C after a few preliminary definitions.
The degree d(a) of a vertex a of G is the number of edges of G having a as an end. If S C V and a 6 V -S we denote the degree of a in G s by d s (a) .
Suppose S Ç V. We write a (S) for the number of vertices of S. The graph G s is uniquely decomposable into disjoint connected parts which we call components. (Hassler Whitney (6) uses the term connected pieces, and Kônig (2) zusammenhàngende Bestandteile.) We write h u (S) for the number of components of G s for which the number of vertices is odd. We write T(S) for the set of vertices of V -S which are joined only to vertices of S.
We denote by q (S) the number of components C of G s for which there is more than one vertex and (2) Hf(o) = l (mod 2).
aeC
Here we write a G C to denote that a is a vertex of C. Now suppose JTC V -S. If C is a component of G S{JT we denote by v(C) the number of edges of G having one end a vertex of C and the other an element of T. We denote by q (5, T) the number of components C of G SU T such that 
is without an f-factor if and only if there is a subset S of V and a subset T of V -S such that
aeS ceT A short proof of Theorem A has been given by the author (4). Maunsell (3) has improved it by substituting a piece of elementary graph theory for an appeal to the theory of determinants. Theorem B is readily deducible from Theorem C; details are given in (5). However, proofs of Theorem C, even in the special case dealing with ^-factors, have hitherto been long and complicated (1; 5) . In this paper we present a comparatively short argument whereby Theorem C is deduced as a consequence of Theorem A.
Deduction of Theorem C from Theorem A. Suppose first that G has a vertex a such that d{a) < f{a). Then G can have no/-factor. Moreover (6) is satisfied with 5 = 0 and T = {a}. Thus Theorem C is trivially true in this case.
In the remaining case we have d(a) > f(a) for each aÇ F. We write
Given any sufficiently large set Q we define a graph G' whose vertices are elements of Q in the following way. 
For any edge A of G, with ends x and y say, we postulate that G' has just one edge joining x A and y A . We denote this also by the symbol A. We further postulate that for each c Ç V each element of X(c) is joined to each member of Y(c) by just one edge of G', and that G' has no edges other than those required by these two rules. By the definition of G f we can do this without introducing into F' two edges with a common end. We thus construct a 1-factor of G'.
Conversely suppose G' has a 1-factor whose set of edges is H. Let Ho be the set of edges of H whose two ends are vertices of distinct star-graphs St(c). Consider any simple subset W of V. We write 5 and T for the sets of vertices c of G such that X(c) QW and Y(c) C H^ respectively. The sets 5 and T are disjoint. We have (8) a
(W) = Z (d(c) -f(c)) + £ d(a). ceT aeS
Let H be any component of G' w .
It may happen that H has just one vertex, which is of the form c A . Then c G T and the end of A in G other than c belongs to S. The number of such components H is the number of edges A of G having one end in S and the other in r, that is ^ 2^ (d(c) -d s (c)).

Another possibility is that H has just one vertex, which is of the form c(i).
The number of such components is = £/(<*)+»(*(#)) (mod 2).
Z(d(a)-f(a)).
aeK(H)
Hence the number of large components of G' w for which the number of vertices is odd is q (5, T). Using (8) we obtain the formulae Z (f(c) -d s (c) ).
aeS ceT
The quantities on the left in these equations are defined in terms of G', those on the right in terms of G.
Suppose there are disjoint subsets S and T of V satisfying (6) . Select two such subsets so that a(S) has the least possible value. Assume that/ (6) We may write these results as
Hence h u (Z) -a(Z) > h u {W) -a(W)
and so the definition of W is contradicted. We deduce that X(a) <^ W ii X(a) C\W ^ 0.
We have now proved that W is simple. We define 5 and T in terms of W as before. Using (10) we find that S and T satisfy (6) .
This completes the proof of Theorem C.
